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ABSTRACT 

By considering the conservation of energy and the balance of radiation in the troposphere, in the cloud layer, 
and in the surface of the earth, we obtain a system of six equations containing six unknowns. The variables are the 
temperatures and the cxcesses of radiation in the troposphere, in the cloud layer, and in the surface of the earth. 
The equations contain as parameters the insolation, the cloudiness, the heat given off by the oceans and the continents 
to  the atmosphere, and the initial temperature distributions. The model contains only meridional turbulent trans- 
port in the troposphere. Computations for both hemispheres and for the four seasons, as well as for the annual case, 
are carried out, obtaining a remarkable agreement with observations. 

The meridional transport is accomplished by the cyclones and anticyclones of the middle latitudes with an 
austausch coefficient of the order of magnitude of 5X 1010 cm.2 sec.-I. 

The energy rrceived from the surface of the earth by the atmosphere is  very important for the maintenance and 
prediction of temperatures. 

In the seasonal and in the annual cases there is no substantial storage of energy in the troposphere and a balance 
almost exists among the excess of radiation, the energy transported meridionally by turbulence, and the heat given 
off by the oceans and the continents. Therefore the prediction of the seasonal temperatures does not depend strongly 
on the initial temperatures in the troposphere itself. 

I n  the annual case there also exists a balance in the upper layer of continents and oceans between the excess of 
radiation and the heat given off to  the atmosphere. However in the seasonal case there exists a large storage of 
energy in the oceans and no such balance exists. Therefore, the mean seasonal temperature in the troposphere 
depends very strongly on the temperature in the oceans and we need to  prescribe the temperature in the oceans at 
the early part of the season to predict the mean tropospheric temperature for the whole season. 

1. INTRODUCTION 

In  a previous paper [I] by considering the incoming and 
outgoing radiation in the troposphere, in the cloud layer, 
and in the surface of the earth, we derived three equations 
that have as unknowns the temperature and the excess 
of radiation in the mid- troposphere, in the cloud layer, 
and in the surface of the earth. The known parameters 
in the equations are the insolation and the cloud cover. 
Furthermore, we derived the equation of conservation of 
energy for the troposphere. 

By applying the principle of conservation of energy a t  
the surface of the earth and a t  the cloud layer, we get two 
more equations that, combined with the four previous 
ones, allow us to determine the six unknowns. In this 
way we obtain the temperature distributions in the 
troposphere and in the surface of the earth as functions 
of the insolation, the cloudiness, the energy given off by 
the surface of the earth to the atmosphere (as latent and 
sensible heat), and of the initial temperature distribution. 

1 This research was started at the Institut fur Meereskunde der UniversitSt Hamburg, 
while the author was a visiting professor during the winter 19Al-AS 

On leavc from Universidad Nacional de MPxico. 

2. THE EQUATION OF CONSERVATION OF ENERGY 
IN THE UPPER-LAYER OF THE OCEANS 

AND CONTINENTS 

We shall assume that the temperature in the oceans 
and continents a t  a depth h is constant and that in the 
upper layer of thickness h the mean temperature is given 
by (T,+ Th)/2, where T, is the temperature a t  the surface, 
and Th the temperature a t  the depth h. We shall take 
To= T,,+ Ti where TsJ is a constant and Ti <<T,. 

With the above assumptions the energy equation for 
the upper layer of thickness h in the oceanpnd continents 
can be written as 

. -  
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where p is the density, c is the specific heat, Es is the excess 
of radiation per unit time and unit area, G is the total en- 
ergy given off to the atmosphere per unit time and unit 
area (latent and sensible heat); R includes all other terms 
and will be neglected. 

In a way similar to that in the previous paper [l] we 
integrate equation (1) with respect to the time t and with 
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respect to the longitude $, in order to obtain the equation 
that governs the mean values of the variables over an 
interval of time at and over the circles of latitude 4. 

Let L be the ratio of the total length of ocean to the 
length of the whole circle corresponding to latitude 4, 
then 1-L is the ratio of the length of the continent at  
the same latitude. 

After tlie averaging we get the following relations: 
- 
T: =LT; + (1 -L)T: 
G= LG,+ (1 - L) Ge 

( 2 )  

where and a are the mean values over the whole circle, 
T:, and G, are the mean values on the oceans, and FL and 
G ,  are the mean values on the continents. The time aver- 
ages are taken for the At interval. 

The equation obtained for the surface of the earth after 
the averaging is the following: 

-L- 

- 
- 

hwPaCsoTwl-TLn hePeCe Til-T:, 
at 2 4t -(l-L) - 2 

- 4  

=E,--LG,-(I--L)G, (3 )  

where the subscripts w and e indicate values in the oceans 
and in the continents, respectively. T& and TLn are 
respectively the inean surface temperatures in the ocean 
a t  the beginning and a t  the end of the considered time 
interval and TLl and TLn are the mean surface temperature 
on the continent a t  the beginning and a t  the end of the 
same interval. These temperatures are not time averages. 

We shall divide the interval At in n subintervals of 
equal length 4t/n. To use the mean values on the n 
subintervals as data, we shall make the following approsi- 
mntion 

T& -Tan p,, -Twn 
rh n-1 

(4) 

where ?!'La and Tin are the mean tcrnpcratures during the 
last subinterval and ?L1 and 3;, the mean temperatures a t  
the first subinterval. By choosing sufficiently small 
subintervals, relations (4) become as approximate as 
desired. 

The mean temperature in the interval At can be written 
&S 

ivhere FLl is the mean value in each of the n subintervals 
ol the length A t/n in which At has been divided. 

Therel'ore, - n-1- 

Thn=nTk-x T& 
I = 1  

and we get 

Similarly, we get 

Substituting ( 5 )  and (6) in equation ( 3 )  we obtain 

Lrl, [ T:, - (TL) J + (1 - L)de [ - ( E )  J 
=Es-LG,- (l-L)Ge (7) 

T'r -i 7; : r ,' ' i 
7 \ s /  where - ' 

cl,=(n2/n-l) h,p,c,/2At and d,=(.1h2/n-l) hep,c,/24t. 

The values of (FW)< and (E)% are given by:  

3. THE MATHEMATICAL MODEL AND ITS SOLUTION 

We will use the following notation: T,=T,,+TI, is the 
incan temperature in the troposphere, (or thc teinpcratures 
a t  5.5 kin. above sea level) wherc TTn0 is a constant and 
TI,<<T,n,; T,=T,,+TL is the temperature a t  the cloud 
cover, where Tco is a constant and TL<<T,,; E, is the excess 
of radiation in the troposphere (excluding the cloud layer) 
and thc excess of radiation a t  the surfaw of the earth. 

We shall use the equation of conservtttion of energy for 
the troposphere in the form given by the author [I]. We 
apply to it the averaging operator 

and introduce the approximation 

(9) 

where Tkl and Tkn arc themean tcmperaturcs a t  the begin- 
ning and a t  the end of the interval and Tk is the nican 
temperature on the whole intcrval. 

The values of (Tk), are cornputed from 
n-1 - 

(T2z=(Fkl+C 1=1 T k J h  (10) 

where Fki is the mean temperature in each of the n equal 
subintervals into which At has been divided. 
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After the averaging, t,he equation of conservation of 
energy for .the troposphere (equation (20) of reference 111) 
becomes:,; u,,,; /,. . 

- 
=E, + LG,+ (1 - L)  Ge (1 1) 

\ - I  / 
To, . - ;r( f , ,  , 

where c9= (n2 /n-1) r~c~/At ;  c:=c,/c,; c3 and c, are constants. 

In  this equation, the tern1 cg[Tk--(Tk)J represents the 
storage of thermal energy; the terni c:K(d*T6/d#12-tan#I 
cZFL/d+) is the rate of change of thermal energydue to the 
horizontal turbulent transport; z, is the thermal energy 
gained by radiation. 

The terms La,* and ( l -L)ap in equation (11) represent 
the rate of change of thermal energy in the troposphere 
due to turbulent vertical conduction a t  the earth's surface 
and condensation in the clouds, and since their value has 
been taken as the negative of the last two ternis ol' the 
second member of (7) we have assumed that the energy 
released by the surface of the earth a t  a given latitude is 
gained in the troposphere as sensible heat a t  the same 
latitude and time, which implies that a t  a given latitude 
the energy released by evaporation at the surface of the 
earth is equal to the energy released by the condensation 
of water vapor in the clouds. This assumption mill in- 
crease slightly the required austausch coefficient E. How- 
ever, a t  least for the middle latitudes, this approximation 
will show in a crude way if the energy given off to the 
troposphere from the surface of the earth by evaporation 
and by turbulent vertical transport, combined with that 
given off by radiation and by horizontal eddy transport 
is of the correct order of magnitude to maintain the ob- 
served mean teniperature in the troposphere. 

When the time interval At is taken sufficiently large, 
other terms omitted in equation (11) are presumably too 
small to be included in these preliminary computations, 

The conservation of energy condition at t'he cloud layer 
can be replaced by the condition that the temperature 
a t  the cloud layer is equal to the temperature of the 
atmosphere a t  the same height. Therefore, by choosing 
appropriately Tco and Tmo we get the condition 

. 

and therefore will be neglected. i. 

- -  
TA=TZ 

Finally F;, q, E ,  are related t o  El, EC, and E, 
by the equations of radiation balance derived in a pre- 
vious paper [l], which are the following: 

csTk=co f C l T f  C3EA + cjz,y+ C S E c  (13) 

(14) 

- b,AT;+ LT; + (1 - L)TL= bo+ b l r f  b3ZA + b,ES+ bSEc -- c 

- -3 ) L t p .  ) r - s )  F , )  

where A, cg, ci, b ,  and dt  (for i = O ,  1, 2, 3 ,  4, 5) are 
cons tan ts. 

If in the system (7), ( l l ) ,  (12), (13), (14), and (15) we 
take as unknowns the temperatures TL, FL, Ti, and TI: and 
the excesses of radiation z4, Ec, and Es, we need an extra 
equation to get the solution. However, since in equation 
(7) d,<<d,, when t is sufficiently large, we can eliminate 
T: from this equation and get an approximate solution of 
the systeni replacing L TL+ (1 --L) 7: by Tk in equation 
(14). This approximate solution is equivalent to the 
exact solution of the problem when L=l, except that in 
equation (7) ,  instead of the coefficient d,, L d, appears. 
In other words, the approxunate solution corresponds to  
the case of an earth completely covered by an ocean in 
which the value of h, is taken L times smaller, and the 
value of G, is replaced by I, g,+ (1 -L) %,. 

Taking L=1 and using equations (7) .  (12), (13)) (14), 
and (15) we obtain 

where F'(#I) =Dzif+ (1 +D31) ~ + d , D , I ( ~ ~ ) ,  +ci(FA) t+D,r 
and cg=-cg+Dll. 

Equation (19) is a generalization of a previous one 
obtained by the author [I]. The forcing function F'(+) 
linearly contains the insolation (7)' the heat given off 
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from the surface of the earth to the atmosphere (by 
evaporation and by conduction of sensible heat) (G), and 
the temperature field at  the early part of the considered 
time interval ((Ti)$ and (7L)J. 

If we neglect the term-@ tan rp(dTAkd4) the solution of 
(19) for K#O is 

+Kle-c6G"+K~ec6~ (20) 

where C ~ = ( C & ; ~ ) ' / ~  and the arbitary constants K1 and Kz 
are determined from the conditions that (dTA/d+)+,,=O and 
(dT@$) + = r/2=0. 
For K=O the solution is 

(20') 

The mathematical model here presented and whose 
solution is given by (20), (16), (17), (la), (7), and (12) 
contains nieridional transport only in the troposphere, 
through the turbulent transport by horizontal eddies, 
represented by the austausch coefficient z. 

The omission of the term -c$ tan 4(dT;/&) in equa- 
tion (19) will increase slightly the required austausch 
coefficient, x, as well as also change slightly the computed 
temperature, Fm. However, since the dominant transport 
term is @ ( d 2 ~ ~ / d r p Z ) ,  the solution will be substantially 
correct, except when we approach to the Pole. 

The solution also depends on the cloud cover, which is a 
parameter included in the coefficients. 

4. MAINTENANCE AND PREDICTION OF THE TEM- 
PERATURES IN THE CASES O F  THE FOUR SEASONS 

OF THE YEAR 

THE NORTHERN HEMISPHERE 

We shall investigate how the mean temperature distri- 
bution of a season is maintained and how it  is affected 
by the temperature distribution of the early part of the 
season. For this purpose we shall use the values of heat 
given off by the ocean to the atmosphere (by evaporation 
and by conduction of sensible heat) given by Jacobs [4]. 
Let G, and GA be the average of the values for the North 
Pacific and the North Atlantic, respectively, then if L,  
and LA are the lengths in the Pacific and in the Atlantic 
of the 10' width zones to which G,  and GA correspond 
respectively then glo= (GpL,+GALA)/(L,+LA) is the mean 
value of the heat given off by the oceans to the atmosphere 
in the Northern Hemispherh, 

The curves 
labeled I, 111, IV, and I1 correspond to the average values 
of gw, for the 3-nionth periods December-January-Febru- 

The values of a, are given in figure 1. 

ary, March-April-May, June-July-August, and September- 
October-November, respectively. The 3-month periods 
chosen do not exactly correspond to the four seasons of 
the year; however, we divided the year in this way in 
order to use the values given by Jacobs [4]. 

The values of 1 f o r  the same periods were computed 
from the Milankovitch formula [I]. 

The values of ( T,Ji were taken from the data published 
by the U.S. Weather Bureau [lo], by reducing the values 
given there for 700 mb. to values for 500 nib. The 
values of surface temperatures for the North Atlantic 
were taken from Defant [3] and the average values of the 
temperature a t  the surface of the earth for the whole 
Northern Hemisphere from Landsberg [5 ] .  

To evaluate (T'm)t and (T ' J t  we shall use subintervals 
of a month. Therefore in formulas (8) and (10) we will 
take n=3. 

We shall consider the case in which the sky is covered 
by a 50 percent cloud cover. The constants that appear 
in the solution were already computed for t8his case b y  
the author [l] and will be taken from there. 

The only new constants that we have to add are the 
following : 

p,=l gm. ~ r n . - ~  and c W = l  cal. gm.-l. 

The results of the computations are shown infigures 
2, 3, and 4. The curves labeled with I and 11 correspond 
g-the-'solution with z,=??,=(G,) Jambs, ~=5x1010 ~111.~ 
set.-', and Lh,=104 cm.. In case I we have computed 
(T) I from the mean monthly surface temperatures in the 
North Atlantic and, in case 11, from the mean monthly 
surface temperatures for the whole Northern Hemisphere. 

Curves I11 correspond to the same case as I1 but with 
Lh=5 X lo3 cm. 

Curves IV and V correspond to the same case as 111, 
except that in I V  we have used Ge=O and in V, a,=O 
and z,=O. 

Curves VI correspond to the same case as 111, except 
that in this case we have used z=O. 

In figures 2, 3, and 4 the dashed lines correspond to 
the observed values, taken froni the following sources : 
T', froin the U.S. Weather Bureau [lo], T', for the whole 
Northern Hemisphere from Landsberg [5], and the values 
of the difference between incoming and outgoing radiation, 
zA+E8+Ec,  from London [7]. The dotted lines corre- 
spond to the observed values of TI, for the North Altantic 
and are taken €ram Defant [3]. 

- 

- 

THE SOUTHERN HEMISPHERE 

Since the Southern Hemisphere has a negligible per- 
centage of continents, our model of an earth completely 
covered by an ocean should give much better results in 
this case than when applied to the Northern Hemisphere. 
To compute this case we shall take as initial temperature 
distributions the temperatures at 500 nib. and a t  sea level 
given by the Soviet Ministry of Meteorology [8]. How- 
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ever, as values of the energy given off by the ocean to  the 
atmosphere, we shall use the Northern Hemisphere data 
given by Jacobs [4]. 

We will take h,=lOO m., ~w=(??,)Jscobs,  L=1, ??,=O, 
and E=5X10lo cm.2 sec.-l 

The results of the computations are shown in figures 5 ,  
6, 7. The thin line €or the summer case corresponds to  
K=3 X 1O1O cm.2 sec.-l 

026 

- 
0.15 

5. GENERAL RESULTS AND CONCLUSIONS 

( 1 1  Comparison of curves I, 11, and 111 with the dashed 
and dotted curves shows that the solution for both ,,, 
hemispheres agrees remarkably well with observations. '5 
The best agreement is obtained in the transition seasons yC 

(spring and autumn). The solution for summer is colder E 0 10 - 
than the observed value, while the solution for winter is 0 
warmer. This is due to  the hypothesis of replacing the 0 

continents by an ocean. 
. I' Curves V, which correspond to the hypothetical case 

in which no energy is given off from the total surface of 
the earth by evaporation or by heat conduction, show the 
importance of this energy in maintaining the atmospheric 
teiiiperature. In  fact, in the absence of this energy the 
temperature would be considerably lower in the at- 
mosphere. At 20' latitude, it would be 14' IC., 12' IC., 
1 2 O  K., and 9' I(. lower, in the winter, autumn, spring, 
and summer respectively; at  40° latitude it would be 

I, 

0.05 - +L 

I I I I I 
9' E., 9' K., 8' K., and 8' K., and at  60' latitude i t  10 20 30 40  50 

would be 7 O  K., 5' IC, 4 O  K., and 3' K. lower. L a t i t u d e  
0 

From these results i t  is clear that evaporation and 
conduction of sensible heat from the surface play an 
important role in maintaining the atmospheric tempera- 
ture. 

1 Finally, curve VI corresponds to  the solution in which 
no meridional transport exists. Its comparison with I Although for the case of the Northern Hemisphere the 
shows that the meridional transport is accomplished best solution is obtained when using the mean temperature 

. horizontally by the large cyclones and anticyclones of at  the surface as initial value, the best solution for Es is 
the middle latitudes that correspond to an exchange ol obtained when the initial temperature is the mean temper- 

sec.-l, in agreement with previous work [ 2 ,  6, 11. mined from equation (7) in which de< <du,. 
As anticipated by the author [I] the introduction in 1 If in the computations we neglect the term cg (F'm- 

the computation of the observed value of afar the summer (T',),) of equation (ll), the results are the same a$those 
corrects the unrealistic solution obtained before on the obtained above, except in autunm in which the computed 
assuiiiption of a constant a. In  the other seasons the tropospheric temperature becomes about 1' lower. This 
gradient of radiant energy is considerably larger than that result shows that in the 3-month intervals there is very 
of - a, and for this reason the solution given before, using,Q little storage of energy in the troposphere and a balance 
G equal to  a constant, was in agreement with the obser-' aImost exists among the excess of radiation, the nieridional 
vatioiis. transport by turbulence, and the heat, received from the 

Figure 4 shows that the excesses of radiation in the surface of the earth (by evaporation and conduction). 
troposphere (EA) and in the cloud layer (z,) are negative Therefore the prediction of the seasonal temperatures does 
for all seasons. This means that a deficit of radiation in not depend strongly on the initial temperatures in the 
the troposphere exists during the whole year. troposphere itself. 

The sum of the excesses of radiat,ion (EA+Ec+Es) is The neglect in the computations of L d, (7"s-(T'8)J 
' v  equal to  the difference between the incoming and the out- "produces curve VI1 showing that in the 3-month intervals 

going radiation at  the top of the troposphere and agrees 
remarkably well with the values given by London [7]. However, if we perform t,he computations for an interval 

P~~~~~ 1 . - ~ , ~ ~ ~ ~ ~  given off by the to the atmosphere in 
the Northern Hemisphere. 

'3 
coefficients E of the order of magnitude of 5X105 ature of the ocean; this is due to the fact that E,  is deter- 

I 

J pC;/ . . 
~ .n J'- 

vq 
/ '  - 

there exists a large storage of energy in the oceans. 

f 691-151-63-4 
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FIGURE 2.-Mean temperature in the  troposphere for the  iS2rthern HemisLhere by seasons. Dashed curve is the  observed temperature 
for total surface of earth; curve I is conlputedusing G,=G,= (G,JJncobs, K = 5 X  lOl0crn.2sec.-l, Lh,=lO* cm., the mean temperature in 
the ocean as initial conditions; curve I1 is same as curve I but with the mean temperature on totalsurface of earth as initial condition; 
curve 111 is sameas  curve 11 but with Lh=5XlO3 c s . ;  curve IV is same as I11 except-with G,=O; curve V is same as 111 except 
with E',,=O and G,=O; curve VI is same as I11 with R=O; curve VI1 results when Ldw(Tr8- (F8) t )  is neglected. 
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FIGURE 3.-Thc dashcd curve is the mean observed temperaturc in the total surface of the earth and the dotted onc the mean tcmpcraturc 
Curvc I1 is same in the ocean, for the  Northern Hemisphere. 

as I11 with Lh,=104 cm. and curve VIIneglects theterm Ldw(?8-(T'8)t) .  
Curves I11 and I are-the corresponding computed temperatures. 
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FIGURE 4.-Theoretically computed escess of radiation in thc Northcrn Hcmisphcre. -EA is the excess in the troposphcre, E ,  thc  esccss 
E.+FAafB, is the coniputcd total CSC~SS and the in thc clouds, and F.  in the uppcr layer of the earth (continents and oceans). 

dashed line is the curve given by London [7 ] .  Curves labeled as in figure 2. 

of one year, the term L d, ( T f S -  becomes negligible 
in equation (7) ,showing that in this case the storage of 
energy is negligible and that the excess of radiation in the 
ocean is equal to the heat given off to the atmosphere by 
the ocean, as shown previously by Sverdrup [9]. The 
results of the computations for the annual case are shown 

in figure 8 ,  where a and b show the temperatures in the 
troposphere and in the surface of the earth, respectively. 
In  this case curves I, 111, andVII coincide and agree remark- 
ably well with observations. As before, curve V corre- 
sponds to  the solution in which the energy given off by the 
continents is neglected and curve VI to the solution in 
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FIGURE 5.-h!kan temperature during the year 1959 at the troposphere in the Southern Hemisphere. The dashed curvc is observed, the 
In the summer case thc thin line 

- 
solid curve computed using h,=100 m., 8,.=(??w)Jacohs, L = l ,  ze=O, and K=5X10I0 cni.2 sec.-L 
corresponds to  z = 3 X  10'0 0111.2 set.-' 

which both the energy given off by the continents and by 
the oceans is neglected. 

Figure 8c shows the computed excesses of radiation. 
The annual excess of sadiation in the upper layer of the 
earth (Es) is positive, and in the troposphere (Fa+E',) is 
negative. The total excess (E8+E,+ZC) agrees with the 

values given by London [7] which are represented by the 
dashed line. 

The above results show that the mean seasonal tempera- 
ture in the troposphere depends very strongly on the 
temperature in the oceans. This is clearly seen by com- 
paring the computations of temperatures in both hemi- 
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FIGURE 6.-Mean temperature during the year 1959 a t  the surface of the earth in thc Southcrn Hernispherc. The dashed curve is observed 
and the solid curve computed as in figure 5 .  
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FIGURE 7.-Theoretically compu_ted excess of radiation in the Southern Hemisphere during the year 1959. E.4 is the excess in tropo- 

sphere, B, in the clouds, and 8, in the upper layer of the earth (continents and oceans). 

spheres. In fact, the only essential difference in both 
computations is the prescribed observed temperature at  
the surface of the earth, and the agreement of the corn- 
puted mid-tropospheric temperatures with observat,ions 
is remarkably good in both hemispheres. 

Therefore, for the case of a season, since the most 
important storage of energy is in the ocean, we need 
to prescribe the temperatures in the ocean at the early 
part of the season t o  predict the mean tropospheric tem- 
perature for the whole season. 
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